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Force-free electrodynamics (FFE) is a closed set of equations for the electromagnetic field of a
magnetically dominated plasma. There are strong arguments for the existence of force-free plasmas
near pulsars and active black holes, but FFE alone cannot account for the observational signatures,
such as coherent radio emission and relativistic jets and winds. We reformulate FFE as the effective
field theory of a cold string fluid and initiate a systematic study of corrections in a derivative
expansion. At leading order the effective theory is equivalent to (generalized) FFE, with the strings
comprised by magnetic field line worldsheets. Higher-order corrections generically give rise to non-
zero accelerating electric fields (E · B 6= 0). We discuss potential observable consequences and
comment on an intriguing numerical coincidence.
I. INTRODUCTION
The astronomical universe abounds with spectacular
phenomena that defy explanation years or even decades
after discovery. Among these persistent puzzles are the
origin of ultra high-energy comsic rays, the mechanism
of coherent radio emission (from pulsars and fast radio
bursts), and the formation of relativistic particle jets and
winds [1–4]. Simple energetics implicates compact ob-
jects (neutron stars and black holes) in all of these phe-
nomena, but a complete theoretical treatment has re-
mained elusive. The foundations are secure [5, 6]: rapid
rotation and strong magnetic fields give rise to diffuse
plasma that efficiently carries energy away from the cen-
tral object. But how does this energy get converted into
the signals we see?
The energy-carrying plasma is elegantly described by
the theory of force-free electrodynamics (FFE) [7–9]. The
assumption is that charged particles are sufficiently suffi-
ciently plentiful that they screen the electric field (setting
E · B = 0 with B2 > E2), but sufficiently diffuse that
they exchange little stress-energy with the fields (setting
jel ·E = 0 and ρelE+ jel ×B = 0). These conditions are
expressed covariantly as
µνρσFµνFρσ = 0 (degenerate) (1a)
FµνFµν > 0 (magnetically dominated) (1b)
as well as
jµelFµν = 0 (force-free). (2)
When combined with Maxwell’s equations (jµel = ∇νFµν
and ∇[µFρσ] = 0), the force-free condition (2) becomes
∇[µFρσ] = 0, Fσν∇µFµν = 0. (3)
Remarkably, Eqs. (3) and (1) comprise a well-posed (hy-
perbolic) evolution system [8, 10–12]: these non-linear
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equations can be used to evolve the electromagnetic field
forward in time in a self-consistent manner, while making
no reference to the dynamics of the charges themselves.
There are strong theoretical arguments that active pul-
sars and black holes possess force-free plasmas (see [5, 6]
and many later references). Famously, this enables effi-
cient extraction of the rotational energy of the compact
object. However, a purely force-free magnetosphere can-
not accelerate particles into jets, winds, or cosmic rays
(it has E ·B = 0 exactly), and it cannot radiate at any
wavelength not put in by initial/boundary conditions (as
a theory with no intrinsic scale). In other words, FFE
alone is too simple to account for observations.
The most common approach to going beyond FFE is
to invoke large departures in small regions, such as par-
ticle acceleration in a reconnecting current sheet. While
this kind of violation is undoubtedly part of the story, the
many remaining puzzles—notably the lack of a coherent
radiation mechanism—have motivated us to try the op-
posite tack of studying small departures in large regions.
Plausibly, a numerically small correction could become
important via the growth of an instability—perhaps of
exactly the clumping character needed to provide the ob-
served radio emission. Similarly, even a small amount of
E · B could assist with explaining the origin of pulsar
winds or the loading of relativistic jets in active galac-
tic nuclei, while an anomalously large correction could
account for high-energy cosmic rays.
We therefore propose—and begin—a systematic study
of corrections to force-free electrodynamics. While ulti-
mately such corrections ought to be derivable from the
fundamental theory of quantum electrodynamics (QED),
in practice this is difficult even for the leading force-free
behavior. We will therefore resort to the framework of
effective field theory (EFT), based on the mantra that
whatever can appear, will appear. The effective field
theorist need only identify the symmetries that charac-
terize the relevant phase (in this case a cold, strongly
magnetized plasma), after which she simply writes down
every allowed correction. Each term will come with a co-
efficient of undetermined size that could in principle be
computed from microscopics. If the symmetries are re-
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2alized correctly, then by definition the needed correction
is somewhere in this list, and an exhaustive study of the
phenomenology is bound to find it eventually.
In fact, the first steps in this program of correcting
FFE have already been taken in disguise. In Ref [13],
a reformulation of magnetohydrodynamics (MHD) was
presented where it was argued that the theory could
be efficiently reorganized from a strictly symmetry-based
point of view, taking as fundamental starting principles
not Maxwell’s equations but rather the conservation of
stress-energy and magnetic flux,
∇µTµν = 0 ∇µJµν = 0, (4)
where Tµν is symmetric and J
µν is the dual of the usual
field strength
Jµν =
1
2
µνρσFρσ. (5)
The authors noted that a consistent zero-temperature re-
alization is possible; this turns out to be a generalized
form of FFE studied previously in [14]. It can also be
seen directly that Eqs. (4) correspond to FFE when Tµν
is the Maxwell stress-energy tensor and Jµν is the dual
field strength.1
The program of correcting FFE can thus be organized
as obtaining sets of closed, consistent equations respect-
ing the conservation laws (4) and reducing to FFE in
some limit. In principle the approach of Ref. [13] al-
ready allows one to study corrections to FFE; however
the methods are somewhat cumbersome, as their formal-
ism required certain constraints to be satisfied off-shell,
and it proved difficult to maintain these constraints at
higher orders in the derivative expansion. The main tech-
nical advance in this paper is the identification of an ac-
tion principle whose field equations are precisely the con-
servation laws (4). Using a generalization of ideas used
in hydrodynamics [15], we promote the field line world-
sheets of FFE to true dynamical degrees of freedom and
assign to each a “worldsheet magnetic photon” that ac-
counts for the conserved flux. We can thereby invent
consistent theories by writing down scalars.
Using this approach, we find that the unique scale-free
theory at leading (“ideal”) order in derivatives is pre-
cisely FFE. The most general ideal theory is that stud-
ied previously in [14] as generalized FFE and in [13] as
zero-temperature magnetohydrodynamics. At higher or-
der in derivatives there are a variety of corrections, and
we focus on those that give rise to non-zero E ·B. Inter-
estingly, these corrections are “topological” in that they
affect only the field strength without affecting the equa-
tions of motion. This nevertheless has observable con-
sequences, since it is the field strength that accelerates
1 Conservation of J is equivalent to dF = 0 or F = dA. It is easy
to check that ∇µTµν = −Fµν∇ρF ρν then holds as an identity.
particles. We consider one simple such correction in de-
tail and estimate the size required to account for pulsar
winds. Tantalizingly, the needed lengthscale is similar
to the wavelength of coherent radio emission, suggesting
that one lengthscale could perhaps account for both.
In addition to practical astrophysical consequences, we
also hope that the symmetry-based approach to FFE will
shed more light on its regime(s) of validity. Force-free
fields arise in a wide variety of physical circumstances:
Besides the compact object magnetospheres considered
here, they also occur in the solar corona [16] and even
in relaxed laboratory plasmas [17]. These three types
of plasma are in entirely different physical regimes, and
indeed entirely different physical arguments converge on
the force-free description in each case. (We have pre-
sented only the argument relevant to compact objects.)
A helpful analogy here is perhaps the Landau theory of
Fermi liquids (see e.g. [18]): a wide class of metals are
described by Fermi liquids not because interactions are
always weak, but rather because Fermi liquid theory can
be formulated as an effective theory with (almost) no rel-
evant operators [19, 20]. Here we suggest that a similar
argument provides a basis for the ubiquity of FFE.
In Sec. II we review the philosophy of effective field
theory, identify the relevant microscopic symmetries of
QED, and motivate the emergent symmetries of our ef-
fective action. Readers uninterested in motivation may
skip to Sec. III, where prove that the field equations are
conservation laws and study the derivative expansion. In
Sec. IV we consider some simple solutions. Finally in
Sec. V we attempt to connect with observations.
Our metric gµν has signature (−+++). The spacetime
volume element is denoted µνρσ (? is the Hodge dual),
with εµν referring to an induced element on a submani-
fold. We use Heaviside-Lorentz units with ~ = c = 1.
II. SYMMETRIES
A. Microscopic symmetries of the system
The microscopic description of our system is presum-
ably QED, which we regard as non-perturbatively defined
by the path integral. A full solution of QED would entail
a complete knowledge of this path integral as a function
of external sources, from which any desired correlation
function can be computed by differentiation. Here we
are interested in sources associated with conserved quan-
tities, as only these are expected to have a simple uni-
versal description.
As mentioned in the introduction, there are two con-
served currents of interest. One is the stress tensor Tµν ,
whose source is the metric, and whose conservation fol-
lows as usual from diffeomorphism invariance.
The other is the two-form current Jµν that measures
magnetic flux. Interestingly, the symmetry principle be-
hind the conservation of such a higher-form currents has
only recently been studied systematically, and is called a
3generalized global symmetry [21]. Such symmetries have
found applications in diverse physical contexts, rang-
ing from constraining the phase structure of gauge the-
ories and topological phases [22–28] to an understand-
ing of gauge bosons as Goldstone modes [21, 29, 30] to
symmetry-based formulations of hydrodynamics [13, 31–
36]. The realization of the generalized global symmetry
associated with the conservation of magnetic flux will be
a technical tool in our analysis (we call it the “magnetic
photon shift”); for now we simply note that the source
for the 2-form current Jµν is a fixed 2-form classical field
that we call bµν .
We therefore take the partition function to depend on
these sources:
Z[g, b] =
∫
[dψdA] exp (iSQED[ψ,A; g, b]) , (6)
where SQED is the microscopic QED action:
SQED =
∫
d4x
√−g
(
− 1
4
(dA)2 + ψ¯
(
/D +m
)
ψ
+
1
4
bµν
µνρσ(dA)ρσ
)
. (7)
The associated correlation functions are (by definition)
the stress-energy and two-form current,
〈Tµν〉 ≡ 2√−g
δW [g, b]
δgµν
〈Jµν〉 ≡ 2√−g
δW [g, b]
δbµν
. (8)
where W = −i logZ. In these equations it is implied
that, after variation, one sets gµν and bµν to values cor-
responding to the background of interest. The metric
of course describes external gravitational fields, while b
describes the external charge density jext = ?db,
jσext = −
1
2
σρµν∂ρbµν . (9)
We then define the field strength 〈Fµν〉 by ?F = J ,
1
2
µνρσ〈Fρσ〉 = 〈Jµν〉. (10)
This agrees with the usual definition F = dA when the
dynamical variable is the gauge field A, but will more
generally apply when other dynamical fields are used.
The field strength behaves as usual with respect to ex-
ternal charges, pushing them around by the Lorentz force
law (App. D).
For our purposes a symmetry of the theory is captured2
by an invariance of the partition function with respect to
2 The generalized global symmetry in question is represented on
the dynamical fields by a transformation parametrized by a
closed but not exact 1-form Λ. However, this can be promoted
to an invariance of the partition function under a transformation
by an arbitrary 1-form Λ by shifting b by dΛ to compensate, as
in (11b); see Appendix A for more discussion of this point.
a transformation of the sources. From (6), we see that
QED has the symmetries
Z[φ∗g, φ∗b] = Z[g, b] (11a)
Z[g, b+ dΛ] = Z[g, b], (11b)
where φ∗ is the action of a diffeomorphism and Λ is an
arbitrary 1-form. Note that the U(1) gauge symmetry
of electromagnetism as written in (7) does not result in
such an invariance of the partition function.
To each symmetry is associated a conservation law.
Varying with respect to an infinitesimal 1-form shift b→
b + dΛ, from (11b) we find ∇µ〈Jµν〉 = 0. Varying with
respect to an infinitesimal diffeomorphism and using this
result, it follows from (11a) that
∇µ〈Tµν〉 = 1
2
(db)νρσ〈Jρσ〉. (12)
The right-hand-side reflects non-conservation in the pres-
ence of an external electric current db. Thus in the ab-
sence of external electric charge, the symmetries (11) im-
ply the conservation of the correlators (8),
∇µ〈Tµν〉 = 0, ∇µ〈Jµν〉 = 0. (13)
This presentation of QED minimizes the importance
of the particular degrees of freedom (ψ,Aµ) that are in-
tegrated over in the path integral. While these degrees
of freedom are weakly coupled near the vacuum of empty
space, they are not necessarily the ideal degrees of free-
dom for describing a strong-field plasma. The idea of
EFT is that there should exist a new set of fields Φ with
a new local action SEFT that reproduces the partition
function in the regime of interest,
Z[g, b] ≈
∫
[dΦ] exp (iSEFT[Φ; g, b]) , (14)
while also providing a simpler description in this regime.
We have chosen to regard (6) as exact and (14) as ap-
proximate, but most properly we only require an over-
lapping regime of validity.3 As a practical matter, our
task is to identify appropriate degrees of freedom Φ for a
strong-field plasma, subject only to the restriction that
the partition function respects the symmetries (11).
B. Emergent symmetries of description
Our task now is to identify degrees of freedom rele-
vant to the macroscopic description of strong-field plasma
3 Opinions may differ as to which theory is more fundamental.
The civilization on the crab pulsar likely studies quantum elec-
trodynamical phenomena in terms of some action with degrees of
freedom relevant to strong-field plasma, and they wonder about
alternative actions. Without guidance from expensive particle
accelerators that artificially construct regions of weak magnetic
fields, they have little hope of constructing the full theory we call
QED, but they do make effective actions as they ponder what
life might be like on the surface of the distant planet Earth!
4and express them as a list of fields subject to certain lo-
cal symmetries. Presumably different choices result in
different phases that we can attempt to link to precise
microscopic models. We have made a choice which re-
produces (at leading order) the expected phenomenology
of strong-field plasma; as we discuss, this is a natural
generalization of the effective action for hydrodynamics
of [15] to the case of higher-form symmetry, with a slight
enlargement of symmetries that we discuss below.
We begin, however, by providing an independent phys-
ical motivation. Note first that while the full theory has a
conserved field line number (the magnetic flux), it offers
no provision for tracking individual field lines in time.
There is simply no way, in general, to say which field line
at some later time is the “same” one as at some earlier
time. However, in some regimes of plasma physics we
can attempt this identification by following the motion
of individual charges attached to the lines.4 Our EFT
will integrate out the charges entirely, but we will retain
this vestige of their existence by nevertheless taking the
degrees of freedom to be strings. At leading order these
strings will be the field lines of a flux-conserving mag-
netic field, but at higher orders they will not precisely
align with the physical flux Jµν .
We label each string by a pair of numbers Φ1 and Φ2
(this could be the x, y position where the string pierces a
fiducial surface at a fiducial time), which are promoted to
spacetime fields ΦI(x) whose simultaneous level sets are
the string worldsheets. This defines a foliation of space-
time into two-dimensional string worldsheets, which we
take to be regular and timelike. We do not want any
preferred strings in our theory, so the labels Φ1 and Φ2
should be arbitrary. We therefore require invariance un-
der smooth relabelings5 (diffeomorphisms on the mani-
fold of Φ1 and Φ2),
Φ1 → Φ′1(Φ1,Φ2), Φ2 → Φ′2(Φ1,Φ2) (15)
such that
det
∂(Φ1,Φ2)
∂(Φ′1,Φ
′
2)
6= 0. (16)
The idea of taking a foliation as a fundamental degree of
freedom was discussed before in [37].
We will now need another degree of freedom to keep
track of the conserved flux mandated by (13). One option
4 Classically, a particle in a strong magnetic field executes gyra-
tions about a moving “guiding center”, whose position in time
can be used to say which field line is the “same” one it started on.
In reality, synchrotron radiation will quickly relax particles into
the lowest Landau level. Presumably there is an analogous story:
the particle remains adiabatically in this state as the field evolves
on macroscopic time and lengthscales, and its wavefunction can
be used to identify the field line.
5 This symmetry is larger than those used in the effective ac-
tion approach to hydrodynamics [15], which restricted instead
to volume-preserving diffeomorphisms.
is to relax the full relabeling invariance (15) to volume-
preserving diffeos; this makes Φ1 and Φ2 “Euler poten-
tials” [7, 9, 38] for the magnetic field, assigning to each
string a conserved flux proportional to |dΦ1∧dΦ2|. How-
ever, this is too restrictive for our purposes; we merely
want a conserved flux, independent of any assignment to
the strings.
We will instead track the flux by introducing a 1-form
field aµ, which (for reasons to be explained) we will call
the worldsheet magnetic photon. As a is related to the
conservation of magnetic flux, it should transform under
the 1-form general globalized symmetry parametrized by
Λ in (11b). The simplest such transformation is:
a→ a+ Λ b→ b+ dΛ, (17)
where we have also recalled the transformation of the
external source b. Note this means that the combination
da− b (18)
is invariant.6 Without a field transforming non-linearly
in this manner, we would not be able to couple b to any
light degrees of freedom in the action. We call this the
magnetic photon shift, and in Appendix A we review why
this transformation deserves this name. We emphasize
that this field is not the original electric photon A.
To confine the magnetic photon to the worldsheet we
further demand invariance under shifts by a (possibly
different) 1-form on each sheet,
aµ → aµ + ωµ(Φ1,Φ2). (19)
This is a 1-form generalization of the “chemical shift” of
[15]; note that as Φ1,2 label the worldsheets, demand-
ing invariance under this symmetry implies that only the
variation of a within each sheet can affect the dynam-
ics. It implies that invariant local quantities must be
constructed from the worldsheet field strength [Eq. (25)
below] and its worldsheet derivatives, as elaborated on in
Sec. III A below.
III. ACTION
To summarize Sec. II above, we consider a theory of
two scalars Φ1,Φ2 and a vector aµ in the presence of
fixed sources gµν and bµν . We assume invariance under
spacetime diffeomorphisms as well as
1. String relabeling: ΦI → Φ′I(Φ1,Φ2)
2. String-dependent shifts: a→ a+ ω(Φ1,Φ2)
3. Magnetic photon shift: a→ a+ Λ, b→ b+ dΛ
6 Since aµ is shifted by a field-independent 1-form Λµ, an action
Snew respecting (17) will produce a partition function (14) with
the desired symmetry (11b).
5For formulating the theory we will assume that the
foliation is regular and timelike, which may be expressed
as
• dΦ1 ∧ dΦ2 must be non-zero and spacelike.
We shall see that, physically, this assumption corre-
sponds to magnetic domination (1b). Its potential viola-
tion is connected with the breakdown of the theory near
current sheets [39], magnetic null points [40], or in the
presence of turbulence [41]; these interesting phenomena
are beyond the scope of the present study.
A. Invariant objects
We now construct objects invariant under the symme-
tries. We first introduce a more invariant description of
the foliation. The binormal field nµν is given
7 by
n =
dΦ1 ∧ dΦ2
|dΦ1 ∧ Φ2| . (20)
The dual of the binormal is the induced volume element
ε on the foliation
εµν =
1
2µνρσn
ρσ. (ε = ?n) (21)
These forms satisfy
nµνn
µν = 2, εµνn
µν = 0, εµνε
µν = −2. (22)
In particular, both n and ε are degenerate as forms (n ∧
n = ε ∧ ε = 0). We may now define projectors parallel
and perpendicular to the foliation,
hµν = −εµρενρ, h⊥µν = nµρnνρ. (23)
The projector h agrees with the induced metric on the
worldsheet.8 The spacetime metric and volume element
are reconstructed as
gµν = hµν + h
⊥
µν , µνρσ = 6ε[µνnρσ]. (24)
The latter equation is simply  = ε∧n. These orientation
choices are consistent with  = dt∧dx∧dy∧dz, ε = dt∧dz,
and n = dx ∧ dy.
The binormal is almost invariant under string relabel-
ings – it transforms as as n → ±n, where ± is the sign
of the Jacobian determinant (16). The volume element ε
is likewise invariant only up to sign, so a fully invariant
quantity must involve an even number of total appear-
ances of ε and n. This restriction corresponds to the lack
7 In components we have nµν =
Sµν
s
where Sµν ≡ ∇[µΦ1∇ν]Φ2
and s ≡
√
SµνSµν
2
.
8 In Ref. [13], our ε was denoted u, our h was denoted Ω, and our
h⊥ was denoted Π.
of a preferred orientation of the worldsheets. The projec-
tors h and h⊥ are completely invariant and may appear
in any number.
The worldsheet photon aµ may only appear in the fol-
lowing combination:
f˜µν = h
ρ
µh
σ
ν (∂ρaσ − ∂σaρ − bρσ) (25)
The particular combination da−b is manifestly invariant
under the 1-form gauge transformation (17). The pro-
jectors guarantee invariance under the string-dependent
shift (19), as from (23) and (21) we see that hρµ∂ρΦI = 0.
We refer to f˜ as the worldsheet field strength.
We note that bµν may appear in the combination (25)
as well as in terms of the three-form db, which is sepa-
rately invariant under (17).
B. The field equations are conservation laws
We now consider the most general action S[ΦI , a; g, b]
respecting these symmetries. The field equations are ob-
tained by varying with respect to the dynamical variables
ΦI and a. However, the symmetries have been chosen so
that the result is equivalent to demanding conservation
of the currents obtained by varying with respect to the
non-dynamical sources. That is, the field equations of
this theory are simply
∇µTµν = 1
2
(db)νρσJ
ρσ, ∇µJµν = 0, (26)
where
Tµν ≡ 2√−g
δS
δgµν
Jµν ≡ 2√−g
δS
δbµν
. (27)
When the external charge db is vanishing, we obtain pre-
cisely the conservation laws (4).
To prove these claims, let δΛ represent the variation
with respect to an infinitesimal magnetic photon shift
(17). Then the action varies as
δΛS[ΦI , a; g, b] =
∫
d4x
(
2
δS
δbµν
∂[µΛν] +
δS
δaµ
Λµ
)
.
(28)
By construction, this variation vanishes for any field con-
figuration; thus after an integration by parts, and using
the definition of the flux tensor (27) we conclude that
1√−g
δS
δaν
= ∇µJµν . (29)
Thus the aµ field equation is equivalent to the conserva-
tion of magnetic flux. Relations of this sort are familiar
from the physics of Goldstone modes, and generically ap-
pear whenever a symmetry is non-linearly realized, as in
the transformation of a in (17).
6Varying instead by an infinitesimal diffeomorphism, we
now find (see details in Appendix B)
1√−g
δS
δΦI
∇σΦI = ∇µTµσ −
1
2
Jµν(db)σµν
+∇µJµν (bσν −∇σaν +∇νaσ) . (30)
This shows that imposing both field equations implies
the conservation laws (26), but we must establish the
converse for full equivalence. Projecting parallel to the
foliation gives(
∇µTµσ −
1
2
Jµν(db)σµν
+∇µJµν (bσν −∇σaν +∇νaσ)
)
hσρ = 0 (31)
while projecting perpendicular gives
1√−g
δS
δΦI
∇σΦI =
(
∇µTµσ −
1
2
Jµν(db)σµν (32)
+∇µJµν (bσν −∇σaν +∇νaσ)
)
h⊥σρ.
Now the point is that if the foliation is regular (dΦ1 ∧
dΦ2 6= 0), then dΦ1 and dΦ2 are a good basis for the per-
pendicular (co)tangent space. This means that imposing
the field equations (26), which causes the right-hand-side
to vanish, forces each δS/δΦI to vanish individually. This
proves the equivalence.
This discussion reveals that the field equations provide
only the perpendicular components of stress-energy con-
servation; the parallel ones come for free as an identity
(31). This is true even in ordinary FFE, where it has
been unappreciated (at least by us). Formally, it may be
understood as a consequence of the fact that diffeomor-
phisms in the worldsheet directions do not act on ΦI , i.e.
if ξµ = hµνξ
ν then LξΦI = ∂µΦIhµνξν = 0. This is a
somewhat unfamiliar statement for local field theories—
usually all dynamical degrees of freedom transform under
diffeomorphisms, and clearly it is the fact that we are cor-
relating the diffeomorphism with the state of the system
through hµν that makes this possible.
The upshot of this discussion is that we need never
vary the action with respect to Φ, a; we may obtain a full
description of the dynamics purely from the conservation
of the conserved currents, as usual in hydrodynamics.
C. Leading order: generalized FFE
We now write down the most general action to leading
order in derivatives. Since we want the foliation to be
the fundamental object, it is dΦ that is zeroth order in
derivatives and not Φ itself. The foliation invariants (bi-
normal, volume element, projectors) are similarly zeroth
order. We would also like to allow an equilibrium con-
figuration with a nonzero magnetic flux, i.e. J ∼ O(∂0).
This requires that we similarly take f˜ and the source bµν
to be zeroth order in derivatives.9
We will refer to the zeroth order system as ideal, adapt-
ing the terminology from hydrodynamics. At ideal order
the only scalar we can make is f˜µν f˜
µν (and functions
thereof). We denote this scalar as
µ2 = −1
2
f˜µν f˜
µν . (33)
We can fix the sign of µ if we adopted a preferred orien-
tation (choice of ε) on the worldsheet. As a two-form in
a two-dimensional space (the string worldsheet), f˜µν is
proportional to the volume element, so we have
f˜µν = µεµν . (34)
Noting that εµν takes care of the projection into the
sheet, we can also write the explicit formula
µ =
1
2
εµν (bµν − ∂µaν + ∂νaµ) . (35)
We will generally find it convenient to work with µ rather
than µ2, but it should be borne in mind that all terms
in the action must be invariant under the reversal ε →
−ε. In particular, scalars made from µ alone must be
even functions of µ. Allowing odd functions to appear
would constitute some kind of chiral theory that we do
not explore in this paper.
This discussion shows that, at ideal order, the action
can be an arbitrary even function p(µ) of the scalar µ:
S0[Φ, a; g, b] =
∫
d4x
√−g p(µ). (36)
We will shortly show that a particular choice of p(µ)
results in dynamics that is exactly equivalent to usual
force-free electrodynamics. However, let us first keep the
function p(µ) arbitrary and construct the magnetic flux
Jµν and stress tensor Tµν by varying the action with re-
spect to bµν and gµν respectively. A helpful intermediate
result is δgµ =
1
2µhαβδg
αβ . After a short computation
we find:
Jµν = ρεµν Tµν = pgµν − µρhµν , (37)
where we have defined the scalar ρ
ρ(µ) ≡ dp
dµ
. (38)
From (37), we see that ρ measures the magnitude of mag-
netic flux. Eq. (38) is the zero-temperature limit of the
first law of thermodynamics [13], with µ the potential
9 Note that for a given quantity the order in derivatives (which
depends on the choice of dynamics) does not necessarily coincide
with the engineering mass dimension (e.g. dΦ has mass dimen-
sion 1 but is taken to be zeroth order in derivatives).
7conjugate to the flux ρ. Note that at this (ideal) order
we have
Jαβ =
1
µ
dp
dµ
f˜αβ , (39)
i.e. the current is proportional to the worldsheet field
strength.
While the action principle involves (Φ1,Φ2, aµ), the
resulting field equations are just the conservation (26) of
the currents (37). We are free to regard some alternative
set (such as µ and εµν) as the dynamical variables when
solving or analysing the equations.
Though this action formulation is new, this theory has
been constructed before (at least in the absence of the
external current db). To our knowledge, it first appeared
in [14] as a generalization of force-free electrodynamics,
obtained by applying the usual force-free arguments to
a non-linear theory of electromagnetism. (We demon-
strate the equivalence in App. C.) In [13], the same equa-
tions of motion were constructed using higher-form sym-
metries as a “zero-T” version of magnetohydrodynamics
that respected Lorentz boosts along magnetic field lines.
Finally, as this paper was nearing completion, [36] ap-
peared, in which a similar zero-T limit is realized as a
symmetry enhancement of a different action principle for
MHD.
1. FFE as the scale-free ideal theory
To obtain “normal” FFE, consider expanding p(µ) in
powers of µ. As we require p to be an even function, we
find:
p(µ) =
1
2
µ2 +
1
M2
µ4 + · · · (40)
where M is a quantity with dimensions of mass. (Since
we treat the action classically, the overall scale doesn’t
matter and with foresight we have set the leading coeffi-
cient to 1/2.) If we imagine a system where the dimen-
sionful quantity µ is much smaller than any other quan-
tity in the problem, then we are justified in neglecting all
terms other than the first. This is the only term with no
dimensionful parameters, and it turns out to correspond
to FFE,
p(µ) =
1
2
µ2 (FFE). (41)
To see the equivalence we use the map J = ?F (5),
ρεµν = 12
µνρσFρσ. (42)
This makes the foliation agree with the worldsheets of
the magnetic field lines. The conservation of Jµν is now
equivalent to the no-monopoles equation ∇[µFρσ] = 0
(3). The degeneracy (1a) and magnetically dominated
(1b) constraints follow from ε ∧ ε = 0 and ε2 = −2,
respectively.
The remaining equation of FFE is Fσν∇µFµν = 0,
or equivalently the conservation of the Maxwell stress-
energy tensor. Using Eqs. (42), (41), (38), and (34) we
see that10
ρ = µ = B0, p =
1
2B
2
0 , f˜ = ?F, (43)
where B0 = ±
√
FµνFµν/2 is the magnetic field strength
in a frame with no electric field. In light of the stress-
tensor (37), we see that p = B20/2 is just the standard
notion of magnetic pressure, while µρ = B20 is the mag-
netic tension along field lines. Indeed, Eq. (37) with the
substitutions (43) is precisely the Maxwell stress-tensor
of a degenerate Maxwell field (e.g. Eq. 15 of [9]), estab-
lishing the full equivalence with FFE.
We conclude that conventional force-free electrody-
namics is the unique scale-free theory describing the in-
frared dynamics of cold string fluids. This symmetry-
based derivation may help explain the ubiquity of force-
free field configurations in a variety of physical contexts.
D. Higher derivative terms
We now turn to discussion of higher derivative terms.
We first note that there are no allowed terms at odd order
in the derivative expansion. This follows from the fact
that all independent zeroth-order objects (f˜µν , εµν , bµν ,
gµν) have two spacetime indices.
We will be mainly interested in the case of no external
current, and in the remainder of this section we always
db to zero after variation. It is then helpful to separately
consider three types of terms in the Lagrangian:
1. Terms not involving db.
2. Terms linear in db.
3. Terms non-linear in db.
The type 1 terms may involve f˜µν and the foliation
invariants. Alternatively, we may build all such terms
from εµν and µ. Varying with respect to bµν gives
δεµν = 0, δµ =
1
2
εµνδbµν . (44)
This shows that for terms of type 1, the variation is al-
ways proportional to ε,
type 1: Jµν ∝ εµν . (45)
Geometrically, this means that the associated flux lies in
the foliation, and algebraically, it sets J ∧ J = 0 (since
ε ∧ ε = 0). Using the map ?F = J (5), we see that type
10 Notice that the action (36) for this theory is just the standard
Maxwell action (−1/4)F 2 = (1/4)f˜2. Thus FFE follows from
the Maxwell action varied with respect to foliation degrees of
freedom and the worldsheet magnetic photon.
81 terms preserve E · B = 0 and hence do not accelerate
particles.
The type 2 terms take the special form
1
6
Λ[µνρ](db)µνρ, (46)
where Λ is any three-form built from the invariants (e.g.
εµν and µ). This term does not contribute to the stress-
tensor as db is metric-independent and set to zero after
variation. However, it does contributes to the flux cur-
rent as
type 2: Tµν = 0, Jµν = −∇σΛ[σµν]. (47)
This current is identically conserved—in fact it is the
most general identically conserved two-form that can be
built from f˜µν and the foliation invariants. It thus al-
ters the relationship between the magnetic flux Jµν and
the dynamical degrees of freedom without altering the
dynamics itself; in this regard it is perhaps similar to
the Hall conductivity for ordinary fluids, which is also an
identically divergenceless contribution to a usual U(1)
current. In particular, noting the map ?F = J (5), a
type 2 term will generically give rise to non-zero E ·B.
Finally, the type 3 terms give no contribution at all
since we set db = 0 after the variation,
type 3: Tµν = 0, Jµν = 0. (48)
E. A second-order term introducing non-zero E ·B
Although ultimately one may hope to scour the full
space of corrections for signs of instabilities or other ob-
servationally relevant phonemona, in this paper we con-
fine ourselves to the lowest-hanging fruit: the introduc-
tion of non-zero E · B. Following the discussion in sub-
section III D, this occurs in our theory only for terms of
a “topological” character—they affect only the coupling
to external particles, but not the dynamical equations.
A simple such term at second order in derivatives is
SR =
1
2
∫
d4x
√−gR(µ)∇αεβγ(db)αβγ (49)
Here R(µ) is an odd function of µ so that the term is
invariant under the change of worldsheet orientation →
− (implying µ→ −µ). This is just the choice Λ = Rdε
in (46). Setting db = 0 after variation we find
JµνR = −3∇σ
(
R(µ)∇[σεµν]
)
. (50)
If we expand R(µ) in terms of some mass scale M as in
Eq. (40),
R(µ) =
µ
M2
+
c3
M4
µ3 + · · · , (51)
then keeping the leading term gives the simple correction
JµνR1 = −
3
M2
∇σ
(
µ∇[σεµν]
)
. (52)
As ordinary FFE corresponds to the leading term in the
expansion (40) for p, this is the natural correction (of the
form (49)). In Section V we will explore the observational
consequences of this term.
F. Comparison with other approaches
Finally, we comment on how our approach to higher
derivative corrections contrasts with that taken previ-
ously by [13]. In that work some possible second-order
corrections to Tµν and Jµν , linearized about a homoge-
nous equilibrium configuration, were constructed. How-
ever an obstruction to their approach arose from the fact
that they worked not with an action but rather directly
with µν and µ. The resulting equations of motion are
generically overdetermined, and consistency of the dy-
namical equations required that the currents obeyed a
particular constraint that projected out two of the de-
grees of freedom. This constraint was only precisely for-
mulated for the ideal order system – in the language of
this paper, it is (31), which when restricted to the ideal
order system (37) becomes(∇µTµσ + µ∇µJµννσ)hσα = 0, (53)
where details are given in Appendix B. In [13], it
was technically difficult to generalize this constraint to
higher orders in derivatives, and thus it remained unclear
whether the higher derivative corrections written down
there were actually consistent beyond the linearized level
where the consistency of the resulting set of equations
could be verified directly.
In our formalism, the constraint arises from the off-
shell realization of diffeomorphisms along the worldsheet,
and its generalization to all orders in derivatives is given
in (31). It is satisfied automatically and plays no role
in the analysis. It would be very interesting to system-
atically classify all terms that can arise from our action
approach and compare them with the set of terms written
in [13].
Finally, we note some possible limitations of our
action-based approach. It is well-known that any system
described by a conventional action cannot describe dis-
sipation, and thus the approach of (e.g.) [15] to conven-
tional finite-T hydrodynamics does not allow for the ap-
pearance of any dissipative transport coefficients, which
of course are allowed to appear in formulations of hy-
drodynamics based purely on the equations of motion.
Indeed, a great deal of recent work in the field (see e.g.
[42–49]) has resulted in the construction of much more
sophisticated action principles. The state of the art now
allows for dissipation and a systematic treatment of fluc-
tuations, but requires a doubling of fundamental fields,
with the partner fields basically now living on the two
branches of the Schwinger-Keldysh contour that is used
in finite-temperature real-time quantum field theory.
Returning to FFE, the Lorentz-invariance of our sys-
tem seems to forbid the existence of dissipation in the tra-
9ditional sense; nevertheless, one may wonder whether our
single action is missing some particular class of higher-
derivative terms that could generically be present in an
approach based only on the equations of motion. Indeed,
there is evidence that the simple action formulation may
even miss some non-dissipative terms in finite-T hydro-
dynamics [50]. One might hope to clarify such issues (as
well as to understand how to incorporate fluctuations)
by applying the Schwinger-Keldysh approach described
above to our framework.
Finally, we note that a different approach to producing
a non-zero E·B in astrophysical settings is to introduce a
non-zero resistivity into the system. This requires the se-
lection of a rest frame, which can be done by introducing
a non-zero temperature (see e.g. [13, 51]) or, for space-
like currents, by demanding vanishing charge density and
parallel electric and magnetic fields [52]. Resistive pulsar
magnetospheres were studied in Refs. [53, 54]. Our con-
struction does not appear to be simply related to these
ideas and our expressions (though covariant) do not agree
with those of [52]. We obtain nonzero E ·B even though
our dynamics are completely dissipationless. We believe
the physics underlying Eq. (52) has little to do with re-
sistivity as conventionally defined.
IV. SOLUTIONS
We now consider some simple solutions to clarify the
physics of our description.
A. Homogeneous Field
We first discuss the simplest example solution to the
ideal theory (generalized FFE). To find a solution we
first select the external sources gµν and bµν . We wish to
consider flat spacetime with no external charge-current,
so we take
ds2 = −dt2 + dx2 + dy2 + dz2, bµν = 0. (54)
We are of course free to apply diffeomorphisms and one-
form shifts (b → b + dΛ) without altering the external
environment.
A simple timelike foliation are the strings at fixed x
and y. We may represent this foliation by Φ1 = x and
Φ2 = y. The remaining variable in the action formulation
is aµ, which will solve the field equations if we also take
a = zdt. That is, a simple solution for the dynamical
variables is
Φ1 = x, Φ2 = y, a = −µ0zdt, (55)
where µ0 is a constant. Of course, there is tremendous
gauge freedom and it is more helpful to consider invari-
ants. The binormal and volume elements are
n = dx ∧ dy, ε = dt ∧ dz, (56)
and the gauge-invariant “worldsheet field strength” is
f˜ = µ0dt ∧ dz. (57)
We note that by a magnetic photon shift (17), a can be
set to 0 at the cost of turning on a source b, but of course
f˜ remains unchanged. From (35) we have µ = µ0.
From (37) we find:
J =
dp
dµ
∣∣∣∣
µ=µ0
dt ∧ dz, (58)
corresponding to a magnetic field pointing in the z di-
rection. Note that the precise value of the field depends
on the equation of state p(µ). For the conventional FFE
with equation of state (41), we this is a constant magnetic
field J = µ0dt ∧ dz.
B. Michel Monopole
We now consider a more complicated solution, the
Michel monopole [55] of (ordinary) FFE, i.e. with p(µ) =
1
2µ
2. This solution represents the exterior magnetosphere
of a rotating, conducting sphere (in flat spacetime) that
has been magnetized such that the radial component
of magnetic field is uniform over the sphere. The field
strength is given in spherical coordinates by (e.g. [9])
F = q sin θdθ ∧ (dφ− Ωd(t− r)). (59)
Here q is the magnetic monopole charge of the solution;
however, in applications we would multiply the solution
by sign(cos θ) to “split” the monopole. This eliminates
the actual monopole charge while introducing a current
sheet along the equator that mimics the phenomenology
of a more realistic pulsar (see e.g. [9] for discussion).
To express in our language we compute the two-form
current Jµν (5),
J = ?F =
q
r2
d(t− r) ∧ (dr − r2Ω sin2 θdφ). (60)
As J = µε in ordinary FFE (Eqs. (42) and (43)), we thus
have
ε = d(t− r) ∧ (dr − r2Ω sin2 θdφ) µ = q
r2
. (61)
An allowed choice of the action degrees of freedom is
Φ1 = θ, Φ2 = φ− Ω(t− r), a = q
r
dt (62)
with the metric flat and in spherical coordinates and the
source b vanishing. These choices make clear the interpre-
tation of a rotating monopole—we have the vector poten-
tial aµ of a monopole attached to a rotating foliation Φ1
and Φ2. This is an ordinary charge for the magnetic pho-
ton, so it manifests physically as a magnetic monopole.
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V. OBSERVATIONAL CONSEQUENCES
We now give a brief discussion of potential observa-
tional consequences, focusing on the simple second-order
correction (49). The qualitative effect of this term, rel-
ative to the ideal background theory, is the introduction
of non-zero E ·B. This gives rise to particle acceleration
along magnetic field lines, potentially producing observed
particle winds. We consider the Michel solution for def-
initeness, but the main conclusions hold for force-free
pulsar magnetospheres more generally.
We consider ordinary FFE (the ideal theory (36) with
p = 12µ
2) corrected by (49) with the leading term R(µ) =
µ/M2. This theory has a single scale, the unknown mass
M . (As we set ~ = c = 1, this can equivalently be
thought of as a length or a timescale.) The correction is
“topological” in that it affects only the map between the
degrees of freedom and and the magnetic field, and not
the equations of motion themselves. Thus Michel solu-
tion continues to solve the corrected equations of motion,
but the flux tensor (dual electromagnetic field) undergoes
a shift,
J = JMichel + JR1 , (63)
where JMichel is given in (60) and JR1 is computed from
Eq. (52) using the the Michel values (61) of µ and ε. As
J is just ?F , the invariants may be constructed as,
E ·B = 18µνρσJµνJρσ (64)
B2 −E2 = − 12JµνJµν . (65)
We are mainly interested in the effective electric field
along field lines,11
E0 ≡ E ·B√
B2 −E2 . (66)
Using (63), (60) and (52), we find to leading order in
1/M that
E0 = − 4q
M2r3
Ω cos θ. (67)
We will now work with more astrophysically convenient
quantities (recall that ~ = 1)
q = B∗R2∗ (68)
M = 1/L. (69)
Here B∗ is the magnetic field at the stellar radius R∗,
and and L is the microscopic lengthscale of the theory.
We may then write
E0 = −4B?(ΩR∗)
(
R∗
r
)3(
L
R?
)2
cos θ (70)
11 This definition is suitable when E ·B  B2 − E2, as occurs in
this perturbative calculation.
As the field lines are straight, we may integrate radially
to determine the voltage between the stellar surface and
infinity,
V = 2V0 cos θ
(
L
R∗
)2
, V0 = B∗R2∗Ω, (71)
where V0 is the typical “unipolar inductor” voltage gen-
erated by the rotation of the star through the magnetic
flux B∗R2∗. This is a famously large voltage for pulsars,
V0 ≈ (6× 1016 Volts) B12
P1
, (72)
where B12 is the stellar magnetic field in units of 10
12
Gauss, while P1 is the pulsar period in seconds. (We use
a stellar radius of ten kilometers.) The actual voltage
is down by two powers of the dimensionless ratio L/R∗.
The typical Lorentz factor of an electron is then (assum-
ing γ  1 and dropping factors)
γ ∼ 1011rB12
P1
(
L
R∗
)2
, (73)
where we have used the mass of the electron me ≈
0.5 MeV and where r < 1 is some efficiency factor re-
flecting radiative and other losses during acceleration.
Although Eq. (73) was derived in the case of purely ra-
dial field lines (the Michel monopole model), we expect it
to hold for pulsar magnetospheres more generally. From
(52) we see that the correction to the magnetic field scales
as BL2/R2, where B and R are typical scales of magnetic
field strength and variation, respectively. Near the star
these can be identified with the stellar magnetic field and
radius, up to model-dependent factors. Then the elec-
tric field correction E0 will take the form of (70) with
(R∗/r)3 replaced by some more complicated function of
r/R∗ characterizing the fall-off of the field. This will af-
fect the voltage (71) only by numerical factors. Indeed,
V ∝ V0 can be expected on purely physical grounds, as
V0 is the typical voltage of a unipolar inductor. We con-
clude that the estimate (73) is largely insensitive to the
details of the magnetic field configuration.
We can use Eq. (73) to estimate the scale L required
to match some given observed Lorentz factor γ. Using a
ten-kilometer stellar radius and solving for L yields
L ∼ (10−5km)
√
γ
r
√
P1
B12
. (74)
The right-most factor
√
P1/B12 ranges from ∼ .05 to a
few, with the majority of pulsars around 1/2. Suppose
that we wish to reproduce a Lorentz factor γ ∼ 103 of
a robust pulsar wind nebula (e.g. [56]), and assume an
efficiency of r ∼ .1. Then the lengthscale L comes out
to about a meter. As a frequency this is 300 MHz, which
happens to be right where the pulsar radio spectrum of-
ten peaks (e.g. [57]). This suggests the tantalizing pos-
sibility that a single EFT, with a scale L ∼meters, could
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explain the disparate phenomena of radio emission and
pulsar wind. Needless to say, however, significant further
work is required before the EFT could be considered a
viable model of either effect.
We conclude by discussing how the coefficients in an
effective theory (e.g. the function R(µ) in (49), or more
specifically the precise value of the scale M = 1/L) can
in principle be computed from a microscopic description.
In theories of conventional hydrodynamics, this is done
through Kubo formulas that relate hydrodynamic trans-
port coefficients to two-point correlation functions of the
conserved currents in thermal equilibrium (see e.g. [58]
for a modern review). It is possible to derive similar
Kubo formulas in our framework, which would relate
the coefficient M to 2-point functions of the magnetic
flux and stress tensor operators in magnetic equilibrium.
These could then in principle be computed from micro-
scopic quantum field theory, or (more realistically) from
numerical simulation of homogenous strong-field plasma.
In this way the EFT could bridge the gap between a mi-
croscopic description and macroscopic observations.
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Appendix A: Dualizing and the magnetic photon
For completeness, here we review why one might con-
sider the transformation (17) to be analagous to that of
a magnetic photon. Similar discussion appears in the
Introduction of [59] and Appendix C of [60].
Consider free electromagnetism written in terms of the
normal electric vector potential, with no dynamical elec-
tric charges but coupled to the external source b as in (7)
i.e.
S[A; b] =
∫ (
−1
2
dA ∧ ?dA+ b ∧ dA
)
. (A1)
Recall that this action is invariant under the 1-form shift
b → b + dΛ. As only dA appears in the action, we may
perform electri-magnetic duality at the level of the action
in the usual manner (see e.g. Appendix B of [61]). This is
done by treating F ≡ dA as the dynamical variable rather
than A; however one must then introduce a Lagrange
multiplier A˜ to enforce that F is closed, i.e. we obtain:
S[F, A˜; b] =
∫ (
−1
2
F ∧ ?F + b ∧ F − A˜ ∧ dA
)
. (A2)
As F appears only quadratically, we may eliminate it
from the action by solving its equations of motion and
plugging back in to find:
S[A˜; b] =
∫ (
−1
2
(dA˜− b) ∧ ?(dA˜− b)
)
(A3)
A˜ is usually called the magnetic photon; we see that un-
like in the original formulation (A1) the 1-form shift now
requires a compensating shift of A˜:
A˜→ A˜+ Λ b→ b+ dΛ (A4)
This is precisely the symmetry transformation postulated
for a in (17); hence we refer to it as the “magnetic photon
shift”.
We stress, however, that the physics of a is not identi-
cal to that of the usual magnetic photon A˜. In particular,
the extra symmetry (19) effectively confines the dynam-
ical part of a to the worldsheet. Furthermore, the route
that we have taken to justify the transformation (A4) in-
volves a dualization that is only possible when there are
no electric charges, which is certainly not the case for a
plasma. Relatedly, as the action (A3) suggests, the mag-
netic photon A˜ is actually a Goldstone boson of a sponta-
neously broken generalized global symmetry [21, 29, 30],
whereas this is not the case for the worldsheet photon a.
Consider now the transformations of the form Λ = dλ
with λ a 0-form; in this case the transformation reduces
to
A˜→ A˜+ dλ (A5)
leaving the source invariant. Transformations of this sort
are usually called (magnetic) U(1) gauge transformations
– to be more precise, if λ has compact support then this
transformation is “pure gauge” and does not act on the
physical configuration space (i.e. in a quantum treatment
it leaves all physical states invariant).
However, if λ extends to infinity or fails to be globally
well-defined (by winding, say, around a compact cycle)
then this is a so-called “large gauge” transformation that
does act on physical states. In modern language this is
now the action of a generalized global symmetry [21, 30].
These issues do not play a role in any of our analysis.
Appendix B: Diffeomorphism variation of action
Here we present some details of the diffeomorphism
variation of the action S[ΦI , a; g, b]. Under a diffeomor-
phism, all fields ψ (whether external sources or dynamical
fields) vary as
δξψ = Lξψ (B1)
where Lξ is the Lie derivative. The diffeomorphism vari-
ation of the action is then:
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δξS[ΦI , a; g, b] =
∫
d4x
(
δS
δgµν
δξgµν +
δS
δbµν
δξbµν +
δS
δaµ
δξaµ +
δS
δΦI
δξΦ
I
)
= 0. (B2)
By construction this must vanish. Now from the definition (27) of the stress and flux tensors this may be rearranged
to read: ∫
d4x
[√−g(−∇µTµσ + 12Jµν(db)σµν −∇µJµνbσν
)
ξσ +
δS
δΦI
δΦI +
δS
δaµ
δξaµ
]
. (B3)
We may further use the relation (29) for the variation δS/δa to find as an identity:∫
d4x
√−g
[
−∇µTµσ +
1
2
Jµν(db)σµν +∇µJµν (∇σaν −∇νaσ − bσν) + 1√−g
δS
δΦI
∂σΦ
I
]
ξσ = 0. (B4)
This is equation (30) in the text.
We now consider a diffeomorphism parallel to the
worldsheet, i.e. ξµ = hµνξ
ν Putting this in (B4), we
find that the last term in δSδΦI vanishes, and we have the
following off-shell identity, which is (31) in the text:(−∇µTµσ + 12Jµν(db)σµν
+∇µJµν (∇σaν −∇νaσ − bσν+)
)
hσγ = 0 (B5)
This is a constraint that must hold on any stress and
flux tensor obtained in our formalism. We now connect
it with a constraint that played an important role in the
analysis of [13]. To proceed, we assume (as was done in
[13]) that we are working to ideal order. We then have
Jµν = ρεµν =
ρ
|dΦ1 ∧ dΦ2| (
µνρσ∂ρΦ1∂σΦ2) (B6)
However, by antisymmetry the divergence of the brack-
eted quantity above is zero, and thus we find
∇µJµν = ∇µ
(
ρ
|dΦ1 ∧ dΦ2|
)
(µνρσ∂ρΦ1∂σΦ2) (B7)
Thus the free ν index necessarily points in a world-sheet
direction, and we have:
∇µJµν = ∇µJµαh να (B8)
Using (35) we then find that the last term in (B5) can
be written entirely in terms of µ:
∇µJµνh να (bσν −∇σaν +∇νaσ)hσγ = µ∇µJµνσνhσα
(B9)
Next, we turn to the term in (db)σµν in (B5); we note that
each of the three indices σ, µ, ν must be different; however
as Jµν ∼ µν they must also all point in the world-sheet
directions for the term not to vanish. However there are
only two such directions. Thus we find finally:(∇µTµσ + µ∇µJµννσ)hσα = 0 (B10)
which is precisely the ideal-order constraint found by in-
spection in [13]. We now see that it is a consequence
of diffeomorphisms being realized even off-shell along the
field lines. There is further discussion of this point in the
bulk of the text.
Appendix C: Equivalence of ideal order with
generalized force-free electrodynamics
We now explore the link between the ideal-order equa-
tions of this EFT (Sec. III C) and the force-free dynamics
of non-linear electromagnetism [14]. Consider an action
that is an arbitrary function of the invariants I = FµνF
µν
and K = 12
µνρσFµνFρσ,
SNLE =
∫ √−gd4xL(I,K). (C1)
This action defines a stress-tensor TµνNLE in the usual way
(27). Demanding conservation of the stress-tensor (but
not demanding any field equations associated with SNLE)
turns out to imply [14]
Fσν∇µ
(
∂L
∂I
∣∣∣∣
K=0
Fµν
)
= 0, (C2)
where we have also assumed degeneracy (1a). Adjoining
the no-monopoles condition,
∇[µFρσ] = 0, (C3)
constitutes the force-free dynamics of a non-linear elec-
tromagnetism.
We now show that these equations are equivalent to
the ideal-order theory of Sec. III C. The map is
Jµν =
1
2
µνρσFρσ, I = 2ρ
2, L|K=0 = p− µρ. (C4)
Note that L is the Legendre transform of p to a function
of ρ rather than µ. For later use use dp = ρdµ to show
that:
∂L
∂I
∣∣∣∣
K=0
= −1
4
µ
ρ
(C5)
Using (C4), it turns out that (C2) and (C3) are equiv-
alent to the following components of our conservation
equations
∇µJµν = 0 (∇µTµν)h⊥νρ = 0 (C6)
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together with the definitions (37). The conservation of J
is trivially equivalent to (C3). The less trivial equation
is that for T :
(∇µTµν)h⊥νρ = h⊥µρ∇µp− µρεµσh⊥νρ∇µε νσ (C7)
= −3
2
Jµν∇[ρ
(
Jµν]
µ
ρ
)
(C8)
where we have used ∇σp = ρ∇σµ as well as
εµσεαβ∇γεσβ = 0. Using (C5), the vanishing of (C8)
is now equivalent to (C3). As shown in (31), the other
components of the conservation of Tµν hold as an identity
and thus contain no dynamical information.
Appendix D: Coupling an external charged particle
Imagine that we would like to add an extra external
charged particle with charge q to the system. Since our
definition (5) of F in terms of J agrees with the usual
F = dA, we know that (neglecting plasma back-reaction)
the dynamics of this particle is given by the Lorentz force
law in terms of J :
m
D2
ds2
Xσ +
q
2
Jµν(X(s))µνρσX˙
ρ = 0. (D1)
However, it may be instructive to see this result derived
from our action formulation. This is now something of a
thorny point: usually in electrodynamics the action of a
charged particle contains a term that is the integral of the
vector potential e
∫
C
A over its worldline C. However in
our formalism the useful degrees of freedom are (ΦI , a)
and not the usual electric vector potential A. As we
no longer have access to A, how can we write down the
action of the particle?
We may accomplish this following a technique used in
[62] to describe the coupling of a superconducting vortex
with external fields, which turns out to be a formally
similar problem. We begin by recalling from (9) that db
can be viewed as an external electric charge current that
is probing the system:
jσext = −
1
2
σρµν∂ρbµν . (D2)
Thus to add a single external charge moving on a world-
line C, we must arrange for jσext and thus db to have
delta function support on its worldline, i.e. we would
like to construct a source field b(x;C) that depends both
on spacetime and a curve C so that
∇[µbνρ](x;C) = q
2
∫
C
ds
dXσ
ds
µνρσδ
(4) (x−Xµ(s))
(D3)
There is clearly a great deal of freedom in this choice
of b – e.g. we may shift b → b + dΛ for any 1-form Λ
without affecting this equation – but as usual this will not
affect the equations of motion. For some intuition, b may
be considered the field strength F (in ordinary Maxwell
electrodynamics) of the electromagnetic field produced
by a magnetic monopole living on the curve C.
To obtain the dynamics of the point particle, we now
consider the following combined action, which is a func-
tional of the dynamical fields as well as of the worldline
C
Spp[ΦI , a, C] = m
∫
C
ds+ SFFE[ΦI , a; b(x;C)] (D4)
where the first term is the usual geometric proper time
along the worldline, and where SFFE is the string fluid
action that we have constructed. Note that the string
fluid action depends on C through the choice of b(x;C).
Denoting the particle trajectory by Xµ(s), we now vary
Xµ + δXµ to construct the equations of motion of the
particle.
The variation of the first term gives the usual geodesic
equation. Let us consider the variation of the second
term:
δXSFFE[ΦI , a; b(x;C)] =
1
2
∫
d4x
√−gJµνδXbµν(x),
(D5)
This may appear to be an extremely complicated varia-
tion, as naively varying C appears to alter b arbitrarily
far away from the curve C itself. In fact, when evaluated
on an on-shell field configuration satisfying ∇µJµν = 0,
this variation ends up localizing on the worldline. To
understand this, we note that b(x;C) may be explicitly
constructed by
bµν(x;C) =
q
2
∫
dsX˙ρTµνρ(x−X(s)) (D6)
where Tµνρ(x) is a “monopole propogator” that satisfies
the following equation:
∇[αTµν]ρ(x) = 1√−g δ
(4)(x)αµνρ (D7)
There is again an extremely large amount of freedom in
this choice of function. One candidate is given by
Tµνρ(x) =
3
2
µναβ∇[αGβ]ρ(x) (D8)
where Gβρ is the usual free photon propagator that sat-
isfies:
∇α
(
∇[αGβ]ρ(x)
)
=
1√−g δ
(4)(x)gβρ (D9)
With this choice bµν(x;C) is exactly the field strength
produced by a magnetic monopole moving along C in
free electrodynamics. The precise form of Tµνρ will not
be important for us. We may now explicitly construct the
change in bµν(x;C) under a small variation δX
α. We find
δXbµν(x) =
q
2
∫
ds (∇ρTµνα (x−X(s))− α↔ ρ) X˙ρδXα
(D10)
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Using the definition of the monopole propagator (D7) and
some rearrangement of indices, this may be rewritten as
δXbµν(x) = q
∫
ds
dXρ
ds
αµνρδ
(4)(x−Xµ(s))
+∇µδcν −∇νδcµ (D11)
where the first term is localized on the worldline and
where δc is an infinitesimal 1-form built out of δXα whose
form depends on the choice of Tµνρ:
δcν ≡ 2q
∫
ds (Tανρ − Tρνα) X˙ρδXα (D12)
We now insert the expression (D11) into (D5). We see
that the terms involving δc above will not contribute to
the equations of motion, as upon an integration by parts
they result in terms proportional to ∇µJµν . Only the
first delta function term contributes, and as claimed the
variation has localized on the worldline. Combining this
with the usual geodesic equation arising from varying the
proper time term, we find the full equations of motion to
be (D1), as claimed.
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